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1 Introduction

In this brief commentary, we will present some results concerning random walks on groups that are related to
the geometry of Cayley graphs. The works of Poincaré, Borel, and Polya were the first that looked into this
research area, studying card shuffling methods and later extending simple random walks to infinite lattices like
Zd.

The American mathematician Harry Kesten studied properties of random walks in his 1957 Cornell PhD thesis
([8],[7]); his focus was in arbitrary probability measures on arbitrary finitely generated groups. One of the main
results from his work was proving that a finitely generated group Γ is non-amenable if and only if the return
time probability at time t decays exponentially fast with t, for one (or any) symmetric measure with supporting
generating Γ. This result has since been extended by other mathematicians who have proved similar results in
more general settings. We will introduce the basic notions of the random walk on a group, some results that
lead up to the main theorem, and conclude with some related results and subsequent work.

1.1 Preliminaries and Notation

The setting is as follows: let Γ be a finitely generated group and µ is a finitely supported symmetric (i.e.
∀ g ∈ Γ, µ(g) = µ(g−1)) probability measure on Γ where supp(µ) = S ⊆ Γ generates Γ.

Definition. The Markov operator Pµ is an operator associated to µ on `2(Γ) such that for f ∈ `2(Γ)

Pµf(x) = ∑
g∈Γ

f(g−1x)µ(g).

Note that for f, g ∈ `2(Γ),

⟨δx ∗ f, g⟩ = ∑
γ∈Γ

f(x−1γ)g(γ) = ∑
η∈Γ

f(η)g(xη) = ⟨f, δx−1 ∗ g⟩

and similarly ⟨f ∗ δx, g⟩ = ⟨f, g ∗ δx−1⟩. It follows that since µ is symmetric, ⟨f ∗ µ, g⟩ = ⟨f, g ∗ µ⟩ and thus Pµ is
a self-adjoint operator. Furthermore,

Pµ ○ Pν = Pµ∗ν ,

where µ∗ν denotes the convolution of two probability measures µ and ν. It is the image of the product measure
µ⊗ ν under the product map Γ × Γ→ Γ, (x, y)↦ xy:

µ ∗ ν(x) ∶= ∑
g∈Γ

µ(xg−1
)ν(g).
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We can define a random walk on Γ induced by µ as follows: consider random variables Xi that are independent
with the same probability distribution µ on Γ. Letting Zn ∶= X0X1X2 . . .Xn, the random walk is a stochastic
process (Zn)n≥1 where the transition probabilities are p(g, h) = µ(g−1h).

If µ is the counting measure on S, i.e. µ = 1
∣S∣ ∑s∈S δs, the simple random walk on Γ relative to S is the Γ-invariant

Markov chain with state space Γ and transition probabilities where

p(g, h) =

⎧⎪⎪
⎨
⎪⎪⎩

1
∣S∣

if g−1h ∈ S

0 otherwise.

The simple random walk can be considered as the right regular action, where we transition from a group element
g with equal probability to one of its ∣S∣ neighbours gs on the Cayley graph Cay(Γ, S) for s ∈ S. Let p(n)(g, h)
be the probability of reaching h from g in n steps. Thus p(0)(g, h) = δg,h, p(1)(g, h) = p(g, h) and

p(n)(g, h) = ∑
k∈Γ

p(n−1)
(g, k)p(k, h).

If X0 = e, the distribution of Zn is the n-fold convolution µn = µ ∗ ⋅ ⋅ ⋅ ∗ µ. Indeed, we can prove this using
probability.

Proof. Let m,n ≥ 0. Then for x ∈ Γ, we have

P{Zm+n = x} = ∑
y∈Γ

P{Zm+m = x ; Zn = y} = ∑
y∈Γ

P{Zm = y ; y(Zm
−1Zm+n) = x}

= ∑
y∈Γ

P{Zn = y}P{yZn = x}

Ô⇒ µm+n
(x) = ∑

y∈Γ

µm(y)µn(y−1x),

where the second line follows from Zm =X1 . . .Xm and Z−1
m Zm+n =Xm+1 . . .Xm+n being independent.

We define the return probability of the random walk, which is the key characteristic of Kesten’s criterion for
amenability.

Definition. The return probability after n steps is the quantity p(n)(g, g) = µn(e). Note that this quantity
does not depend on g ∈ Γ. We further define the spectral radius of the simple random walk on Γ relative to
S as

ρ(Γ, S) = lim sup
n→∞

n

√

p(n)(g, g).

We will also be referring to the definition of the spectral radius of the random walk as the spectral radius ρ(µ)
of the Markov operator acting on `2(Γ).

2 The Main Theorem

2.1 Pertinent Lemmas and Necessary Results

In this section, we will prove a few properties about amenable groups and the Markov operator in order to work
towards Kesten’s result.
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2.1.1 On the Markov Operator

For the next few results, we will be focusing on the Markov operator. Let σ(µ) be the spectrum of Pµ and
ρ(µ) = max{∣t∣ ∶ t ∈ σ(µ)}. Since Pµ is self-adjoint, the spectral radius equals its norm, i.e. ∣∣Pµ∣∣ = ρ(µ).

Proof. Indeed, for a self-adjoint operator T , ⟨Tx,Tx⟩ = ⟨x,T 2x⟩ which implies ∣∣T 2∣∣ = ∣∣T ∣∣2. Applying this

inductively, we obtain ∣∣T 2n

∣∣ = ∣∣T ∣∣2
n

for all n ∈ N. Thus the spectral radius ρ(T ) = limn→∞ ∣∣T 2n

∣∣2
−n

= ∣∣T ∣∣.

Since the Markov operator is self-adjoint if µ is symmetric, we can apply the spectral theorem for self-adjoint
operators and obtain the following result:

Proposition. Consider the self-adjoint operator Pµ. By the spectral theorem for self-adjoint operators, there
exists a resolution of the identity E(dt) (a projection-valued measure) and a probability measure ν(dt) ∶= ⟨E(dt)∗
δe, δe⟩ on the interval [−1,1] where

⟨Pµ ∗ δe, δe⟩ = ∫
[−1,1]

tnν(dt).

Furthermore, supp(ν) = σ(µ).

We expand on the properties of the operator norm in the following lemmas:

Lemma. For any µ symmetric on Γ, the operator norm of Pµ ∶ `
2 → `2 is contractive, i.e. ≤ 1.

Proof. Let f ∈ `2(Γ). We can use Young’s inequality and the contractive property will follow:

∣∣Pµf ∣∣`2 = ∣∣f ∗ µ∣∣`2 ≤ ∣∣f ∣∣`2 ∣∣µ∣∣`1 .

Lemma. For any µ symmetric on Γ, it follows that

1. µ2n(e) is non-increasing,

2. µ2n(x) ≤ µ2n(e) ∀ x ∈ Γ.

Proof. Let x ∈ Γ. We can apply Cauchy-Schwarz and the symmetry of µ to obtain

µ2n
(x) = ∑

y∈Γ

µn(y)µn(y−1x)

≤

√

∑
y∈Γ

(µn(y))2∑
y∈Γ

((µn(y−1x))2

= ∑
y∈Γ

(µn(y))2
= ∑
y∈Γ

µn(y)µn(y−1
)

= µ2n
(e).

Furthermore,

µ2n+1
(x) = ∑

y∈Γ

µ(y)µ2n
(y−1x) ≤ µ2n

(e).

Thus both µ2n(x), µ2n+1(x) is bounded by µ2n(e), and in particular proves that µ2n(e) is non-increasing.
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2.1.2 On Amenable Groups and Følner Sequences

Recall the Følner characterization of amenability:

Proposition. Let Γ be a countable and discrete group. The following are equivalent:

i) There is an invariant mean, i.e. a linear map τ ∶ `∞(Γ)→ R such that τ(1) = 1, τ(f) ≥ 0 when f ≥ 0, and
τ(f ∗ δγ) = τ(f) for all γ ∈ Γ.

ii) For any finite subset E ⊆ Γ and ε > 0, there exists a finite subset F ⊆ Γ such that

∣gF △ F ∣ ≤ ε∣F ∣ ∀ g ∈ E.

We will extend this characterization to define a Følner sequence for a generating set S ⊆ Γ:

Definition. Let S be a generating set of the group Γ. A sequence {Fi}i∈N is a Følner sequence for S if there
exists a sequence {εi}i∈N converging to zero such that

∣gFi△ Fi∣ ≤ εi∣Fi∣ ∀ g ∈ S, i ∈ N.

The Følner sequence, loosely speaking, ‘exhausts’ the group Γ and is ‘sessile’ in the sense that the sets don’t
get translated ‘far away’ when considering the left action of Γ.

We will prove the equivalence between the Følner condition and the existence of a Følner sequence below.

Lemma. A group Γ has a Følner sequence ⇐⇒ it satisfies the Følner condition.

Proof. The forwards direction is clear. For the reverse direction, let S1 ⊆ S2 ⊆ . . . be a nested sequence of finite
sequence satisfying G = ∪nSn. Let ε = 1/n. By the Følner condition, there exists a finite set Fn such that

∣xFn△ Fn∣

∣Fn∣
< 1/n ∀ x ∈ Sn.

Thus for all x ∈ Γ, there exists n0 large enough such that x ∈ n0 and

∣xFn△ Fn∣

∣Fn∣
< 1/n→ 0 as n→∞.

We conclude this section with the following lemma that relates the boundary of the sets in the Følner sequence
(determined by the edges of the Cayley graph Cay(Γ, S).

Lemma. Assume Γ is finitely generated. A sequence {Fn} is Følner if and only if

lim
n→∞

∣∂SFn∣

∣Fn∣
= 0.

2.2 Kesten’s Criterion

We present Kesten’s criterion for amenability:

Theorem 1. Assume Γ is a countable and discrete group. Then Γ is amenable if and only if for any µ finitely
supported probability measure on Γ, the probability of return decays subexponentially:

2n
√
µ2n(e)→ 1.

In other words, the spectral radius of the simple random walk on Γ is 1.
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Remark. Note that n
√
µn(e) may not converge; indeed, consider when the Cayley graph Cay(Γ, S) is bipartite.

Then µn(e) is alternating between 0 and > 0 (the classical Cayley graph for Z, for instance— in this case, the
limit on even numbers tend to 1 while the limit on odd numbers is 0).

As a culmination of the previous results, we will prove the following related result:

Proposition. Let Γ be a finitely generated group endowed with a symmetric probability measure µ with finite
support generating Γ. Then ∀ n ≥ 1, µ2n(e) ≤ ρ(µ)2n and limn→∞(µ2n(e))

1
2n = ρ(µ).

Proof of Prop. Note that Pµn = (Pµ)
n and µn(g) = (Pµ)

nδg = ⟨(Pµ)
n ∗ δe, δe⟩, which implies

µn(e) ≤ ∣∣(Pµ)
n
∣∣.

The result follows by applying the spectral theorem to Pµ:

(µ2n
(e))

1
2n = ⟨(Pµ)

2n
∗ δe, δe⟩

1/2n
= (∫

[−1,1]
t2nν(dt))

1/2n

.

Since supp(ν) = σ(µ), taking limits as n→∞, we obtain

lim
n→∞

(µ2n
(e))

1
2n = lim

n→∞
(∫

[−1,1]
t2nν(dt))

1/2n

= lim
n→∞

∣∣t∣∣2n = ∣∣t∣∣∞

= max{∣t∣ ∶ t ∈ σ(Pµ)} = ρ(Pµ) = ∣∣Pµ∣∣ = ρ(µ).

Using the Følner characterization of amenability, we will prove that the operator norm (and thus spectral radius)
equals 1 for amenable groups.

Proof. Let {Fn} be the corresponding Følner sequence of the group Γ. Let fn ∶= 1Fn/
√

∣Fn∣ (i.e. we normalize
the characteristic function of Fn), so the fn have norm 1. Let supp(µ) = S ⊆ Γ, and define ∂−SFn = {g ∈ Fn ∶
Sg ⊆ Fn}. It follows that

∣∣Pµfn∣∣2 ≥
∣∂−SFn∣

∣Fn∣
→ 1,

whose quantity tends to 1 because {Fn} is a Følner sequence and we can apply the Lemmas in Section 2.1.2.
Since Pµ is contractive, by the definition of the operator norm ∣∣Pµ∣∣ = 1.

2.3 On Almost Invariant Vectors

These concepts about random walks on groups are in fact closely related to the material that we have seen in
the course, and we will reformulate some of these notions slightly in this section.

Recall the left regular representation Γ↷ `2(Γ) which sends g to the left translation operator λg. Explicitly for
f ∈ `2(Γ), λgf(h) = f(g

−1h). We showed in class that this is a unitary representation since the Haar measure
is translation invariant. Let us define the notion of almost invariant vectors:

Definition. The left regular representation of `2(Γ) has almost invariant vectors if for every ε > 0, there
exists f ∈ `2(Γ) of unit norm such that

∣∣λgf ∣∣2 < ε.
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We note that this notion is very similar to the concepts that have been introduced previously in this paper,
where the Markov chain is defined using right multiplication of the group elements. Indeed, the existence of
almost invariant vectors is equivalent to the group being amenable, and the proof is very similar to that shown
in 2.3.

Proposition. A group Γ is amenable if and only if the left regular representation of `2(Γ) has almost invariant
vectors.

Proof. Assume Γ is amenable. As in the previous section, we assume Γ has a Følner sequence {Fn} and define

fn ∶= 1Fn/
√

∣Fn∣. Let g ∈ Γ. It follows that

⟨λgfn, fn⟩ =
1

∣Fn∣
∣∣1g−1Fn

1Fn ∣∣ =
∣g−1Fn ∩ Fn∣

∣Fn∣
→ 1,

since {Fn} is a Følner sequence. Thus

∣∣λgfn − fn∣∣2
2
= ⟨λgfn − fn, λgfn − fn⟩

= 2(1 − ⟨λgfn, fn⟩)→ 0.

Thus λg has almost invariant vectors. To prove the converse, we will use the following lemma (and omit the
proof; however, the proof can be found in most textbooks introducing concepts of group amenability):

Lemma. A group Γ is amenable if and only if there exists a sequence {fn} ⊆ {f ∈ `1(Γ) ∶ f ≥ 0, ∫ fdλ = 1},
where λ is a Haar measure for Γ, such that

∣∣g ∗ fn − fn∣∣1 → 0 ∀ g ∈ Γ.

Consider a sequence of invariant vectors {fn} that are normalized to have norm 1. We claim that {fn
2
} satisfies

the property, i.e. ∣∣gfn
2
− fn

2
∣∣1 → 0. This follows by Cauchy-Schwarz:

∣∣gfn
2
− fn

2
∣∣1 ≤ ∣∣gfn + fn∣∣2 × ∣∣gfn − fn∣∣2 ≤ 2∣∣fn∣∣2 × ∣∣gfn − fn∣∣2 → 0.

Applying the lemma, we have Γ is amenable.

3 Conclusion

We introduced Kesten’s amenability criterion on symmetric random walks. Another result that Kesten proved
is if S is a finite symmetric generating subset of Γ and N ⊆ Γ is a normal subgroup, then ρ(Γ, S) ≤ ρ(Γ/N,S)
(where S ⊆ Γ/N) and equality holds if and only if N is amenable.

Day [4] extended Kesten’s amenability criterion to non-symmetric random walks (i.e. associated with a proba-
bility measure whose support generates the group). In this setting, the Markov operator is no longer self-adjoint,
and Day uses the uniform convexity property of `p-spaces for p > 1.

3.1 Extensions to Grigorchuk’s Cogrowth Criterion

One of the beautiful aspects about group amenability is the numerous equivalent results given certain restrictions
for a second countable locally compact group Γ; alongside Kesten’s criterion, another example was obtained
by the Russian mathematician Rostislav Ivanovich Grigorchuk in 1980 [6] for finitely generated groups. We
highlight his results here and show its application of Kesten’s criterion.

Let Γ be a group with m generators. Then Γ ≃ Fm/N where Fm is the free group on m generators and N ⊆ Fm
is a normal subgroup. Let w(n) be the number of elements in N that are at distance at most n from the identity

element e ∈ Fm. We define the cogrowth of Γ, denoted α = α(Γ, F,N) as α = lim supn→∞
n
√
w(n).
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Grigorchuk proved that the cogrowth equals 1 if N is the trivial group, and is otherwise bounded by
√

2m − 1 ≤
α ≤ 2m−1. Furthermore, if S is the symmetrization of the image of a free base of F under the canonical quotient
homomorphism F → Γ, and we consider the simple random walk on Γ relative to S, then

ρ(Γ, S) =

⎧⎪⎪
⎨
⎪⎪⎩

√
2m−1
m

if 1 ≤ α ≤
√

2m − 1
√

2m−1
m

(
√

2m−1
α

+ α
√

2m−1
) if

√
2m − 1 ≤ α ≤ 2m − 1.

By Kesten’s criterion, ρ(Γ, S) = 1 ⇐⇒ Γ is amenable, and thus α = 2m − 1 if and only if Γ is amenable. This
is coined as Grigorchuk’s cogrowth criterion. Grigorchuk’s criterion has been used to prove other mathematical
results, such as Adyan’s paper [1] that proved the free Burnside groups B(m,n) with m ≥ 2 generators and
exponent n ≥ 665 where n is odd, are not amenable.

Overall, Kesten’s criterion for amenability is a nice result that connects properties of the group to the more
‘geometric’ notions, i.e. transcience properties of the symmetric random walk.
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